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In f luence  of P a r t i c l e  S i z e  D i s t r i b u t i o n  on 
Ref l ec t ed  and Transmit ted Light  from Clouds 
GEORGE W .  KATTAWAR and GILBERT N .  PLASS 
Abst rac t  
The l i g h t  r e f l e c t e d  and t r a n s m i t t e d  from c louds  with v a r i o u s  
drop s i z e  d i s t r i b u t i o n s  is c a l c u l a t e d  by a Monte Car lo  technique .  
S i x  d i f f e r e n t  models a re  used for t h e  drop s i z e  d i s t r i b u t i o n :  
Rayleigh;  haze c o r h i n e n t a l ;  haze mari t ime;  cumulus; n imbos t ra tus .  
The s c a t t e r i n g  f u n c t i o n  f o r  each model is c a l c u l a t e d  from t h e  Mie 
theo ry .  I n  g e n e r a l  t h e  r e f l e c t e d  and t r a n s m i t t e d  r ad iances  f o r  t h e  
i s o t r o p i c  and Rayleigh models t end  t o  be similar as are  those  f o r  t h e  
v a r i o u s  haze and cloud models. The r e f l e c t e d  r ad iance  is  less f o r  t h e  
haze and cloud models t h a n  for t h e  i s o t r o p i c  and Rayleigh models, except  
f o r  an ang le  of inc idence  near t h e  horizon when it is l a r g e r  around 
t h e  i n c i d e n t  beam d i r e c t i o n ,  The t r a n s m i t t e d  r ad iance  is always much 
l a r g e r  for t h e  haze and cloud models nea r  t h e  inc iden t  d i r e c t i o n ;  
a t  d i s t a n t  ang le s  it i s  less f o r  small and moderate o p t i c a l  t h i cknesses  
and g r e a t e r  f o r  l a r g e  o p t i c a l  t h i c k n e s s e s  ( a l l  comparisons t o  i s o t r o p i c  
and Rayleigh models) .  The downward f l u x ,  c loud a lbedo ,  and mean o p t i c a l  
p a t h  are d i scussed .  
o p t i c a l  t h i c k n e s s  i s  shown for t h e  n imbos t ra tus  model. 
i s o t r o p i c ,  
The angular  spread  of t h e  beam as a f u n c t i o n  of  
George W. Kattawar i s  with North Texas S t a t e  Un ive r s i ty ,  Denton, 
Texas 76203. G i l b e r t  N .  P lass  i s  wi th  t h e  Southwest Center  f o r  Advanced 
S t u d i e s ,  P .  0 .  Box 30365, Da l l a s ,  Texas 75230. 
\ 
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I n t r o d u c t i o n  
The d i s t r i b u t i o n  of  l i g h t  r e f l e c t e d  and t r a n s m i t t e d  by a c loud  
depends on t h e  number and s i z e  d i s t r i b u t i o n  of  t h e  water d r o p l e t s ,  t h e  
wavelength of t h e  l i g h t ,  t h e  s i n g l e  s c a t t e r i n g  a lbedo ,  t h e  a lbedo  of  
t h e  p l a n e t a r y  s u r f a c e ,  t h e  a n g l e  of t h e  incoming s o l a r  r a d i a t i o n ,  and 
t h e  o p t i c a l  t h i c k n e s s  of  t h e  cloud t o g e t h e r  wi th  i t s  shape. We have 
desc r ibed  i n  t h e  l i t e r a t u r e 1  a computer program which c a l c u l a t e s  t h e  
r e f l e c t e d  and t r a n s m i t t e d  r ad iance  by t h e  Monte Car lo  method. The 
p a t h  of t h e  photon i s  a c c u r a t e l y  followed i n  three-dimensions.  
s i n g l e  s c a t t e r i n g  phase func t ion  is  obta ined  from t h e  Mie theo ry  by 
i n t e g r a t i o n  over  t h e  p a r t i c l e  s i z e  d i s t r i b u t i o n .  
s c a t t e r i n g  a t  any a n g l e  is a c c u r a t e l y  c a l c u l a t e d  inc lud ing  t h e  s t r o n g  
forward peak of t h e  d i s t r i b u t i o n .  
a c c u r a t e l y  t h e  numerous sinal1 a n g l e  c o l l i s i o n s  which occur .  
A 
The p r o b a b i l i t y  of 
Thus t h e  c a l c u l a t i o n  s imula t e s  
The Monte Car lo  method appears  t o  o f f e r  t h e  only  p r a c t i c a l  way 
t o  make c a l c u l a t i o n s  f o r  r e a l  p l a n e t a r y  atmospheres where t h e  occurrence  
of such effects  as s t rong  forward s c a t t e r i n g ,  inhomogeneities i n  t h e  
atmosphere, emiss ion ,  non-Lambertian r e f l e c t i n g  s u r f a c e s ,  and a number 
of d i f f e r e n t  p rocesses  which abso rb ,  s c a t t e r ,  and reemit t h e  photon 
may profoundly i n f l u e n c e  t h e  r e s u l t s .  
have c a l c u l a t e d  t h e  e f f e c t s  of l i g h t  s c a t t e r i n g  from c louds  by o t h e r  
methods and have obta ined  very i n t e r e s t i n g  r e s u l t s .  The Monte Car lo  
method has  been d i scussed  by Hammersley and Handscomb5 and has  been 
a p p l i e d  t o  atmospheric problems by C o l l i n s  and Wells6. 
have g iven  t h e  v a r i a t i o n  i n  t h e  magnitude of t h e  d i f f u s e  r e f l e c t i o n  
f o r  v a r i o u s  Gaussian s i z e  d i s t r i b u t i o n s  wi th  d i f f e r e n t  average  r a d i i  
F r i t z293  and Twomey e t  a l4  
Twomey e t  a i4  
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and s t a n d a r d  d e v i a t i o n s .  However, no one has  a t tempted t o  e v a l u a t e  
t h e  i n f l u e n c e  of v a r i o u s  s i z e  d i s t r i b u t i o n s  of d i f f e r e n t  shapes on both 
t h e  r e f l e c t e d  and t r a n s m i t t e d  l i g h t .  
Cloud Models 
S ix  d i f f e r e n t  phase f u n c t i o n s  were chosen f o r  t h i s  c a l c u l a t i o n  i n  
o r d e r  t o  span t h e  v a r i o u s  d i s t r i b u t i o n s  which occur  i n  a c t u a l  c louds.  
These phase f u n c t i o n s  a re  named i s o t r o p i c ,  Rayleigh,  haze c o n t i n e n t a l  
(haze C ) ,  haze marit ime (haze M), cumulus,and n imbos t ra tus .  
phase f u n c t i o n  i s ,  of c o u r s e ,  independent o f  a n g l e .  
The i s o t r o p i c  
Although it does 
n o t  correspond t o  any phys ica l  s i t u a t i o n ,  it i s  u s e f u l  t o  have f o r  
comparison wi th  t h e  o t h e r  models. The Rayleigh phase f u n c t i o n  i s  a p p l i c a b l e  
when t h e  r a d i u s  of a l l  t h e  s c a t t e r i n g  p a r t i c l e s  i s  cons iderably  smaller 
t h a n  t h e  wavelength. 
The next  t h r e e  models a r e  t a k e n  from Deirmendjian7. The haze C 
model is d e f i n e d  by t h e  equat ion 
where r is t h e  r a d i u s  i n  microns and n ( r )  is t h e  p a r t i c l e  c o n c e n t r a t i o n  
i n  C ~ - ~ L I - ~ .  Th is  corresponds t o  a c o n t i n e n t a l  haze wi th  t h e  t y p i c a l  
P - ~  v a r i a t i o n  i n  t h e  number of p a r t i c l e s .  
The haze M model i s  defined by t h e  equat ion  
- 4 -  
( 3 )  
and corresponds t o  a marit ime haze wi th  t h e  maximum number of p a r t i c l e s  
a t  r 0.71~. 
The cumulus cloud model assumes t h a t  
n ( r )  = 2.373 r6 exp ( - 1 . 5 r ) .  
The maximum p a r t i c l e  c o n c e n t r a t i o n  occurs  when r = 4p. 
The n imbos t ra tus  c loud model assumes t h a t  
n ( r )  0 .00108 r6  exp ( - 0 . 5 r ) .  ( 4 )  
The maximum p a r t i c l e  c o n c e n t r a t i o n  occurs  when r = 1 2 ~ .  This  d i s t r i b u t i o n  
approximately r e p r e s e n t s  r a t h e r  d i v e r g e n t  measurements *, 
been made f o r  n imbos t ra tus  c louds.  
r e p r e s e n t a t i v e  of c louds  w i t h  s u b s t a n t i a l  numbers of l a r g e r  d r o p l e t s .  
The c o n s t a n t  i n  E q s .  (1-4) i s  p r o p o r t i o n a l  t o  t h e  t o t a l  number of  
p a r t i c l e s  p e r  u n i t  volume. 
presented  i n  terms of o p t i c a l  depth  t h e  v a l u e s  chosen f o r  t h e s e  c o n s t a n t s  
are immaterial; t h e y  are only needed f o r  t h e  conversion of  o p t i c a l  
depth  t o  a n  a c t u a l  h e i g h t .  
which have 
I n  any case t h i s  d i s t r i b u t i o n  is  
Since a l l  r e s u l t s  i n  t h i s  paper  are  
The s i n g l e  s c a t t e r i n g  phase f u n c t i o n  was c a l c u l a t e d  f o r  t h e  f o u r  
p a r t i c l e  d i s t r i b u t i o n s  represented  by E q s .  (1-4)  from t h e  Mie theory. '  
I n  each case t h e  range  of i n t e g r a t i o n  w a s  p a r t i t i o n e d  i n t o  many sub- 
i n t e r v a l s  i n  each of which t h i r d  o r d e r  Gauss quadra ture  was a p p l i e d .  
A wavelength X of  0 . 7 ~  f o r  t h e  i n c i d e n t  l i g h t  and a r e a l  index of 
r e f r a c t i o n  o f  1 .33 f o r  t h e  water d r o p l e t s  was assumed for t h i s  ca lcu-  
l a t i o n .  The s i n g l e  s c a t t e r i n g  phase f u n c t i o n  was c a l c u l a t e d  a t  0.25O 
i n t e r v a l s  i n  t h e  forward d i r e c t i o n s  near  t h e  s t r o n g  forward s c a t t e r i n g  
maximum and a t  2 O  i n t e r v a l s  i n  t h e  backward d i r e c t i o n  where t h e  f u n c t i o n  
, 
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undergoes s e v e r a l  o s c i l l a t i o n s .  
t o g e t h e r  w i th  t h e  w e l l  known r e s u l t s  f o r  t h e  Rayleigh and i s o t r o p i c  
phase f u n c t i o n s .  The i n s e t s  i n  t h e  upper p o r t i o n s  of t h e  f i g u r e  show t h e  
cu rves  i n  more d e t a i l  i n  t h e  r e g i o n s  nea r  a s c a t t e r i n g  ang le  0 = 0 and IT. 
The cumulative p r o b a b i l i t y  f o r  s c a t t e r i n g  as a f u n c t i o n  o f  ang le  
was ob ta ined  f o r  each d i s t r i b u t i o n  by a c c u r a t e  numerical  i n t e g r a t i o n .  
The accuracy  w a s  checked by i n t e g r a t i o n  over t h e  u n i t  sphere  and was 
always w i t h i n  a few hundredths of one pe rcen t  of u n i t y .  
A l l  c a l c u l a t i o n s  r epor t ed  h e r e  assume a s i n g l e  s c a t t e r i n g  a lbedo  
The r e s u l t s  a re  shown i n  F igure  1 
wo o f  u n i t y  and r e f l e c t i o n  from a Lambert 's  s u r f a c e  as r e p r e s e n t a t i v e  of 
t h e  p l a n e t a r y  s u r f a c e .  R e s u l t s  are r e p o r t e d  f o r  a s u r f a c e  a lbedo  
A of 0 and 1. The i n c i d e n t  f l u x  i s  normalized t o  u n i t y  ( i n s t e a d  of  t h e  
v a l u e  TI sometimes chosen).  
R e f l e c t e d  Radiance 
The r e f l e c t e d  r a d i a n c e  was c a l c u l a t e d  for each of t h e s e  s i x  p a r t i c l e  
d i s t r i b u t i o n  f u n c t i o n s  by the  Monte Car lo  method '. 
are a v a i l a b l e  for t h e  i s o t r o p i c  and Rayleigh f u n c t i o n s  f o r  atmospheres of 
f i n i t e  t h i c k n e s s ,  t h e  r ad iances  were a l s o  c a l c u l a t e d  f o r  t h e s e  c a s e s  
by t h e  Monte Car lo  method i n  o r d e r  t o  have r e s u l t s  averaged over  t h e  
same combination of z e n i t h  and az imutha l  a n g l e s  as f o r  t h e  o t h e r  
d i s t r i b u t i o n  f u n c t i o n s .  
Although r e s u l t s  
The r e f l e c t e d  r a d i a n c e  f o r  v e r t i c a l l y  i n c i d e n t  s u n l i g h t  (uo = -1) 
i s  shown i n  F igu res  2-4 f o r  T = 0 .01 ,  1, and 1 0 .  
r e f l e c t e d  r a d i a n c e  depends only on t h e  s c a t t e r i n g  f u n c t i o n  from 0 = *IT t o  TI 
When uo = - 1 t h e  
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For small o p t i c a l  dep ths  and s u r f a c e  a lbedo  A = 0 ,  t h e  r e f l e c t e d  r a d i a n c e  
i s  p r o p o r t i o n a l  t o  t h e  s c a t t e r i n g  f u n c t i o n  d iv ided  by t h e  cos ine  of 
t h e  z e n i t h  a n g l e .  The r e f l e c t e d  r a d i a n c e  c a l c u l a t e d  i n  t h i s  manner 
for s i n g l e  s c a t t e r i n g  and f o r  T = 0 . 0 1  is shown i n  F igu re  2 by small 
squa res .  These v a l u e s  c a l c u l a t e d  f o r  s i n g l e  s c a t t e r i n g  ag ree  w e l l  
w i th  t h e  Monte Car lo  r e s u l t s  except n e a r  t h e  hor izon  where m u l t i p l e  
s c a t t e r i n g  i n f l u e n c e s  t h e  r e s u l t .  The correspondence of t h e  r e f l e c t e d  
r a d i a n c e  wi th  t h e  s c a t t e r i n g  f u n c t i o n  i s  shown for example i n  t h e  peak 
i n  t h e  r a d i a n c e  v a l u e  f o r  t h e  n imbos t r a tus  model i n  t h e  i n t e r v a l  of 
u from 0 .7  t o  0.8;  t h i s  corresponds d i r e c t l y  t o  t h e  peak i n  t h e  s c a t t e r i n g  
f u n c t i o n  a t  c o s  0 = -0.77 shown i n  F igu re  1. When A = 1, t h e  r e f l e c t e d  
r a d i a n c e  i s  v i r t u a l l y  independent of p. For a t h i n  cloud t h e  uniformly 
r e f l e c t e d  r a d i a t i o n  from t h e  p l a n e t a r y  s u r f a c e  is  no t  apprec i ab ly  
modified by t h e  cloud. 
When T = 1, t h e  r e f l e c t e d  r a d i a n c e  i s  shown i n  F igu re  3.  When 
A = 0,  t h e r e  i s  r e l a t i v e l y  l i t t l e  v a r i a t i o n  wi th  p f o r  i s o t r o p i c  and 
Rayleigh s c a t t e r i n g .  The r e f l e c t e d  r a d i a n c e  i s  cons ide rab ly  less f o r  
t h e  haze and c loud  models and it e x h i b i t s  more angu la r  v a r i a t i o n .  
I n  g e n e r a l ,  t h e  r a d i a n c e  dec reases  a t  each  a n g l e  as t h e  forward s c a t t e r i n g  
of t h e  cloud p a r t i c l e s  i n c r e a s e s .  
i n c r e a s e s  monotonically as p i n c r e a s e s  i n  a l l  models. 
When A = 1, t h e  r e f l e c t e d  r a d i a n c e  
The r e f l e c t e d  r a d i a n c e  f o r  T = 1 0  i s  shown i n  F igu re  4.  Although 
t h e  d i f f e r e n c e s  between t h e  va r ious  models are less f o r  t h i s  t h i c k  
c loud  t h a n  t h e y  were f o r  t h i n n e r  c louds ,  t h e y  are s t i l l  a p p r e c i a b l e .  
The cu rves  f o r  t h e  haze and cloud models show c o n s i d e r a b l e  angu la r  
v a r i a t i o n  and have a maximum near, bu t  n o t  a t  t h e  z e n i t h  when A = 0.  
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When A = 1, t h e  curves  f o r  t h e  d i f f e r e n t  models are q u i t e  c l o s e  t o g e t h e r  
nea r  t h e  z e n i t h ,  bu t  d e p a r t  from each o t h e r  near t h e  hor izon .  I t  is 
i n t e r e s t i n g  t h a t  such apprec iab le  d i f f e r e n c e s  develop f o r  t h i c k  c louds  
between models. 
for small ang le  s c a t t e r i n g  on t h e  first c o l l i s i o n  f o r  t h e  haze and 
cloud models. 
c o l l i s i o n s  of t h e  photons occur a t  a g r e a t e r  average depth and t h u s  
fewer photons can escape back o u t  of t h e  cloud top .  
These d i f f e r e n c e s  r e s u l t  from t h e  high p r o b a b i l i t y  
When t h e  forward s c a t t e r i n g  i s  q u i t e  s t r o n g  success ive  
The r e f l e c t e d  r ad iance  when t h e  i n c i d e n t  s u n l i g h t  i s  near  t h e  
hor izon  ( v o  = -0.1) is  shown i n  F igu res  5-8. 
case T = 0.01 and A = 0. 
az imutha l  ang le  f o r  90° on both s i d e s  of  t h e  o r i g i n a l  beam. 
v a l u e s  on t h e  l e f t  s i d e  of t h e  graph inc lude  t h e  a n g l e s  c l o s e s t  t o  t h e  
o r i g i n a l  beam d i r e c t i o n .  
i n  g e n e r a l  on t h e  l e f t  s i d e  than are t h e  corresponding v a l u e s  on t h e  
r i g h t  s i d e ,  s i n c e  t h e  s c a t t e r i n g  f u n c t i o n  f o r  Mie p a r t i c l e s  i s  l a r g e r  
i n  g e n e r a l  i n  t h e  forward hemisphere than  a t  corresponding a n g l e s  
i n  t h e  backward hemisphere. 
F igu re  5 is  f o r  t h e  
The v a l u e s  have been averaged over  t h e  
The 
Thus t h e  r e f l e c t e d  r ad iances  a r e  h ighe r  
For t h e  ang le s  c l o s e s t  t o  t h e  d i r e c t i o n  of  t h e  o r i g i n a l  beam 
( 0  < 1-1 < 0 . 1  on l e f t  s i d e  of  Figure 5 )  t h e  i s o t r o p i c  and Rayleigh 
r e f l e c t e d  r a d i a n c e s  are t h e  lowest of t h e  v a r i o u s  models because of 
t h e  high p r o b a b i l i t y  of small ang le  forward s c a t t e r i n g  by t h e  Mie 
p a r t i c l e s .  On t h e  o t h e r  hand t h e  i s o t r o p i c  and Rayleigh r e f l e c t e d  
r a d i a n c e s  are t h e  h i g h e s t  i n  the  d i r e c t i o n  f a r t h e s t  from t h e  o r i g i n a l  
beam ( 0  < v < 0 . 1  on t h e  r i g h t  s i d e  of  F igure  5 )  because of t h e  small 
p r o b a b i l i t y  of backward s c a t t e r i n g  by Mie p a r t i c l e s .  When po = -0.1,  
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t h e r e  is only  an approximate c o r r e l a t i o n  between t h e  r e f l e c t e d  r ad iance  
as a f u n c t i o n  of t h e  cos ine  of t h e  viewing ang le  u and t h e  s c a t t e r i n g  
f u n c t i o n  as a func t ion  of t h e  s c a t t e r i n g  ang le  0. 
s c a t t e r i n g  f u n c t i o n  must b e  averaged over  a l l  a p p r o p r i a t e  az imutha l  ang le s .  
For example, f o r  t h e  range 0 < p < 0 . 1  on t h e  l e f t  s i d e  of F igure  5 ,  
t h e  s c a t t e r i n g  ang le  O v a r i e s  between l o o  and 90° as t h e  az imutha l  
ang le  changes.  
This  i s  because t h e  
Near t h e  z e n i t h  t h e r e  i s  r e l a t i v e l y  l i t t l e  change i n  0 as t h e  
az imutha l  a n g l e s  v a r i e s ,  so t h a t  t h e  r e f l e c t e d  r ad iance  is r a t h e r  c l o s e l y  
p r o p o r t i o n a l  t o  t h e  s c a t t e r i n g  f u n c t i o n .  
t h e  lowes t  r ad iance  v a l u e s  of any model n e a r  t h e  z e n i t h  and on t h e  
e n t i r e  r i g h t  s i d e  of t h e  f i g u r e .  
model i s  2000 times less near  t h e  z e n i t h  than  a t  t h e  nea r  horizon.  The 
curves  f o r  T = 0 . 0 1  and A = 1 ( n o t  shown he re )  are e s s e n t i a l l y  cons t an t  
except  f o r  approximately a two-fold r i s e  i n  t h e  r ad iance  of t h e  Mie 
models on t h e  near  horizon and a s l i g h t  rise of t h e  i s o t r o p i c  and 
Rayleigh models on both horizons.  
The n imbos t ra tus  model has  
The r e f l e c t e d  r ad iance  f o r  t h i s  
The r e f l e c t e d  r ad iance  f o r  T 1, po = - 0 . 1  and A = 0 i s  g iven  
i n  F igure  6. These curves  a r e  ve ry  similar t o  those  f o r  T 0 .01 ;  
t h e  r a d i a n c e  va lues  a r e  g r e a t e r  and t h e  d i f f e r e n c e s  between t h e  curves  
f o r  t h e  d i f f e r e n t  models is smaller when T 1 than  when T = 0 . 0 1  
because of  t h e  g r e a t e r  mu l t ip l e  s c a t t e r i n g  i n  t h e  former case .  The 
curves  i n  F igure  6 d i v i d e  i n t o  two groups with r e l a t i v e l y  s m a l l  d i f f e r e n c e s  
between them: t h e  i s o t r o p i c  and Rayleigh models on t h e  one hand and t h e  
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haze and cloud models on t h e  o t h e r  hand. The haze and cloud models 
g i v e  a 1ar)ger  r a d i a n c e  on t h e  n e a r  hor izon  and a smaller r a d i a n c e  a t  
o t h e r  a n g l e s  than  t h e  i s o t r o p i c  and Rayleigh models. The r e f l e c t e d  
r a d i a n c e  f o r  t h e  n imbos t ra tus  model i s  1 7 0  times l a r g e r  on t h e  near  
hor izon  than  a t  t h e  z e n i t h .  
When A = 1 and T = 1, t h e  curves  are shown i n  Figure 7 .  Again t h e y  
d i v i d e  i n t o  two groups as before  wi th  t h e  same q u a l i t a t i v e  behavior .  
The magnitude of  t h e  v a r i a t i o n  i s  less t h a n  f o r  A = 0 s i n c e  t h e  r e f l e c t e d  
r a d i a t i o n  from t h e  p l a n e t a r y  s u r f a c e  t e n d s  t o  smooth t h e  curves  when 
A = 1. 
The curves  f o r  T = 10  and A = 0 are shown i n  F igure  8.  Once aga in  
t h e  c u r v e s  d i v i d e  i n t o  t w o  groups and are  q u a l i t a t i v e l y  similar t o  those  
f o r  T = 1, but  wi th  a smal le r  v a r i a t i o n  i n  t h e  f u n c t i o n s .  There is  
somewhat more f l u c t u a t i o n  i n  t h e  Monte Carlo r e s u l t s  f o r  T = 1 0  t h a n  
i n  t h e  prev ious  r e s u l t s ,  s i n c e  a smaller number of photons were fol lowed 
i n  t h e  computations f o r  l a r g e  T .  There i s  s t i l l  a 34 f o l d  v a r i a t i o n  
i n  t h e  r e f l e c t e d  rad iance  f o r  t h e  n imbos t ra tus  model between t h e  near  
hor izon  cnd t h e  z e n i t h .  A s tudy of t h e  r e f l e c t e d  r a d i a t i o n  from a 
cloud t h a t  has  a 1ar)ge o p t i c a l  t h i c k n e s s  wi th  l i g h t  i n c i d e n t  a t  t h i s  
a n g l e  can e a s i l y  determine whether Rayleigh or Mie p a r t i c l e s  are t h e  
s c a t t e r i n g  c e n t e r s .  If t h e  s c a t t e r i n g  c e n t e r s  are  Mie p a r t i c l e s ,  
t h e r e  i s  c o n s i d e r a b l e  asymmetry i n  t h e  r e f l e c t e d  r a d i a n c e  between t h e  
n e a r  and far  hor izons .  The curves  are  n o t  changed a p p r e c i a b l y  i n  
shape and t h e  v a l u e s  are only s l i g h t l y  i n c r e a s e d  when A = 1. 
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Transmi t ted  Radiance 
The t r a n s m i t t e d  r a d i a n c e  when t h e  sun is  a t  t h e  z e n i t h  i s  shown 
i n  F i g u r e s  3-11. For a n  o p t i c a l l y  t h i n  cloud ( T  = 0 . 0 1 )  and P, = 0 ,  
t h e  t r a n s m i t t e d  r a d i a n c e  i s  c l o s e l y  p r o p o r t i o n a l  t o  t h e  s c a t t e r i n g  
f u n c t i o n  d iv ided  by p (except  a t  t h e  z e n i t h  where t h e  va lue  is  increased  
by m u l t i p l e  s c a t t e r i n g ) .  V a l u e s  c a l c u l a t e d  i n  t h i s  manner are  i n d i c a t e d  
by small squares  i n  Figure 9. 
w e l l  w i t h  t h e  Monte Carlo r e s u l t s  except  near  t h e  z e n i t h  where small  
a n g l e  m u l t i p l e  s c a t t e r i n g  i s  impor tan t .  A comparison of  t h e s e  r e s u l t s  
g i v e s  a n  i n d i c a t i o n  of t h e  f l u c t u a t i o n s  i n  t h e  Monte C a r l o  r e s u l t s .  
The haze and cloud models have c o n s i d e r a b l y  l a r g e r  r a d i a n c e s  n e a r  t h e  
z e n i t h  t h a n  t h e  i s o t r o p i c  and Rayleigh models because of t h e  l a r g e  
forward s c a t t e r i n g  by Mie p a r t i c l e s .  
c loud models have s m a l l e r  rad iance  v a l u e s  n e a r  t h e  horizon because of 
t h e  smaller p r o b a b i l i t y  for s c a t t e r i n g  from Mie p a r t i c l e s  through 
a n g l e s  n e a r  90° t h a n  from a n  i s o t r o p i c  or Rayleigh d i s t r i b u t i o n .  
These s i n g l e  s c a t t e r i n g  v a l u e s  agree  
On t h e  o t h e r  hand t h e  haze and 
The curves  f o r  an o p t i c a l l y  t h i n  cloud are  cons iderably  modified 
when A = 1 by t h e  r e f l e c t e d  r a d i a t i o n  from t h e  p l a n e t a r y  s u r f a c e .  I n  
t h i s  case t h e  r a d i a n c e  i s  g r e a t e r  a t  t h e  horizon than  a t  t h e  z e n i t h  
when averaged over  u i n t e r v a l s  of 0 . 1 .  
The r e s u l t s  f o r  a cloud of i n t e r m e d i a t e  o p t i c a l  t h i c k n e s s  (T = 1) 
and po = -1 are shown i n  Figure 1 0 .  
wi th  Figure 9 ,  t h e  effects  of m u l t i p l e  s c a t t e r i n g  are e v i d e n t  i n  reducing  
t h e  v a l u e  a t  t h e  hor izon  compared t o  t h e  v a l u e  a t  t h e  z e n i t h .  
i s o t r o p i c  and Rayleigh rad iances  show only  small v a r i a t i o n s  wi th  u ,  
When t h e s e  curves  are compared 
The 
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I .  
while  t h o s e  f o r  t h e  haze and cloud models a l l  show a minimum a t  t h e  
hor izon  with a s t e e p  r i s e  t o  a maximum a t  t h e  z e n i t h .  The rad iance  
i s  l a r g e s t  a t  t h e  z e n i t h  f o r  t h e  n imbos t ra tus  and cumulus models because 
of  t h e i r  l a r g e  forward s c a t t e r i n g  f u n c t i o n s .  
c u r v e s  when A = 1 is a l s o  shown i n  F igure  1 0 .  
The modi f ica t ion  i n  t h e s e  
When t h e  cloud is o p t i c a l l y  t h i c k  ( T  lo), t h e  t r a n s m i t t e d  r a d i a n c e  
is shown i n  Figure 11. 
from t h e  horizon t o  t h e  z e n i t h ;  t h e  v a l u e s  f o r  t h e  haze and cloud 
models are  approximately t h r e e  times l a r g e r  a t  t h e  z e n i t h  than  a t  t h e  
horizon.  
a r e l a t i v e l y  l a r g e  s t a t i s t i c a l  f l u c t u a t i o n .  
small number of  photons which p e n e t r a t e  such an o p t i c a l l y  t h i c k  cloud 
and l e a v e  t h e  lower s u r f a c e  a t  a n  angle  n e a r  t h e  hor izon .  Many fewer 
photons p e n e t r a t e  a t h i c k  cloud f o r  t h e  i s o t r o p i c  and Rayleigh models 
t h a n  f o r  t h e  haze and cloud models; t h u s  t h e  f l u c t u a t i o n s  are p a r t i c u l a r l y  
l a r g e  i n  t h e  former case. 
r e l a t i v e l y  l i t t l e  v a r i a t i o n  with a n g l e  or between models. 
A l l  of t h e  r a d i a n c e  v a l u e s  f o r  A = 0 i n c r e a s e  
Unfor tuna te ly  t h e  va lues  from v = 0 t o  0 . 1  i n  t h i s  case  have 
This  i s  because of  t h e  
When A = 1 t h e  t r a n s m i t t e d  rad iance  e x h i b i t s  
The r e s u l t s  when u, = - 0 . 1  are  shown i n  F igures  12-15 .  When t h e  
cloud i s  o p t i c a l l y  t h i n  ( T  = 0.01), t h e  t r a n s m i t t e d  r a d i a n c e  can be 
obta ined  d i r e c t l y  from t h e  s c a t t e r i n g  f u n c t i o n s  f o r  t h e  v a r i o u s  models, 
except  f o r  m u l t i p l e  s c a t t e r i n g  effects  n e a r  t h e  o r i g i n a l  beam d i r e c t i o n .  
Allowance must be made f o r  t he  v a r i o u s  s c a t t e r i n g  a n g l e s  which occur  as 
t h e  az imutha l  a n g l e  v a r i e s  over a l l  p o s s i b l e  va lues  a p p r o p r i a t e  f o r  t h e  
averaged r e s u l t s  shown. 
of t h e  o r i g i n a l  beam is cons iderably  l a r g e r  for t h e  haze and cloud 
models t h a n  f o r  t h e  i s o t r o p i c  and Rayleigh models. 
The t r a n s m i t t e d  r a d i a n c e  near  t h e  d i r e c t i o n  
This  i s  because of 
- 12 - 
1 
t h e  numerous, probable  small a n g l e  s c a t t e r i n g  e v e n t s  i n  t h e  former 
case. On t h e  o t h e r  hand t h e  r a d i a n c e  i s  less f o r  t h e  haze and cloud 
models n e a r  t h e  z e n i t h  and toward t h e  far hor izon .  The curves  for 
A = 0 are shown h e r e  as t h e y  are q u a l i t a t i v e l y  similar and only 
s l i g h t l y  h i g h e r .  The g r e a t e s t  i n c r e a s e  wi th  s u r f a c e  a lbedo  i s  n e a r  
t h e  z e n i t h  d i r e c t i o n  where t h e  r a d i a n c e  v a l u e s  are  low when A = 0.  
The curves  f o r  an in te rmedia te  o p t i c a l  depth ( T  = 1) and A = 0 
are  shown i n  Figure 13. The maximum r a d i a n c e  f o r  t h e  haze and cloud 
models i s  no longer  i n  t h e  o r i g i n a l  beam d i r e c t i o n ,  but  has  moved 
c l o s e r  t o  t h e  z e n i t h ;  t h e  minimum r a d i a n c e  for t h e  same models occurs  
j u s t  beyond t h e  z e n i t h  on t h e  s i d e  away from t h e  o r i g i n a l  beam d i r e c t i o n .  
The r a d i a n c e  f o r  t h e  haze and c loud  models i s  a p p r e c i a b l y  l a r g e r  than  
t h a t  for t h e  i s o t r o p i c  and Rayleigh models from t h e  near  horizon 
almost  t o  t h e  z e n i t h ;  t h e  oppos i te  is  t r u e  from t h e  z e n i t h  t o  t h e  f a r  
hor izon .  The r e s u l t s  for A 1 are shown i n  F igure  1 4 .  The r a d i a n c e  
v a l u e s  are  somewhat l a r g e r  than i n  Figure 1 3 ,  but  t h e  same q u a l i t a t i v e  
r e l a t i o n s h i p s  are s t i l l  v a l i d .  
The r a d i a n c e  when t h e  o p t i c a l  t h i c k n e s s  i s  l a r g e  ( T  10) i s  
g iven  i n  Figure 1 5  for A 0. The va lues  near  t h e  horizon have a 
greater  s t a t i s t i c a l  f l u c t u a t i o n  t h a n  do o t h e r  v a l u e s  i n  t h i s  or o t h e r  
f i g u r e s  shown he re .  An a n a l y s i s  shows t h a t  a f e w  improbable e v e n t s  
c o n t r i b u t e  most of t h e  rad iance  near  t h e  hor izon;  t h u s  if  t h e s e  e v e n t s  do 
n o t  occur  by chance i n  a p a r t i c u l a r  c a l c u l a t i o n ,  t h e  r a d i a n c e  v a l u e  
is t o o  low. The most s t r i k i n g  r e s u l t  shown h e r e  is t h a t  t h e  r a d i a n c e  
v a l u e s  a t  a l l  a n g l e s  a r e  lower for t h e  i s o t r o p i c  and Rayleigh models 
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t h a n  €or t h e  haze and cumulus models. The reason  f o r  t h i s  i s  t h a t  more 
photons can p e n e t r a t e  deeper  i n t o  t h e  cloud when t h e r e  i s  s t r o n g  
forward s c a t t e r i n g  than  when t h e  s c a t t e r i n g  is  more n e a r l y  i s o t r o p i c .  
The l a r g e s t  r a d i a n c e  v a l u e s  occur f o r  t h e  n imbos t ra tus  model which has  t h e  
s h a r p e s t  forward s c a t t e r i n g  f u n c t i o n .  The maximum f o r  a l l  models 
is now n e a r e r  t h e  z e n i t h  than  t h e  i n c i d e n t  d i r e c t i o n .  
Between 150,000 and 200,000 photon c o l l i s i o n s  were c a l c u l a t e d  
f o r  a t y p i c a l  curve shown here.  
photon 
83,405 c o l l i s i o n s  when T = 0 . 0 1  and u0 = -1 and 899,858 c o l l i s i o n s  
when T = 1 and u0 -1. 
photon h i s t o r i e s  were processed a t  T = 0 . 0 1 ,  1, and 1 0  r e s p e c t i v e l y .  
The smallest and l a r g e s t  number of 
c o l l i s i o n s  c a l c u l a t e d  were both  f o r  t h e  Rayleigh model: 
I n  a t y p i c a l  r u n  30 ,000 ,  1 0 , 0 0 0 ,  and 2 ,000  
Flux 
The downward d i f f u s e  f l u x  a t  t h e  lower boundary when A = 0 is  
g iven  i n  Table I .  All f l u x  va lues  are  normalized t o  u n i t  i n c i d e n t  
f l u x .  When T is small ( T  = O.Ol>, t h e  f l u x  i s  a l s o  small s i n c e  t h e r e  
are  i n s u f f i c i e n t  water d r o p l e t s  t o  sca t te r  a n  a p p r e c i a b l e  number of 
photons.  The f l u x  i n c r e a s e s  from each model t o  t h e  next i n  t h e  o r d e r  
l i s t e d  i n  Table I which corresponds t o  i n c r e a s i n g  forward s c a t t e r i n g .  
The Rayleigh model h a s  s l i g h t l y  more forward s c a t t e r i n g  t h a n  t h e  
i s o t r o p i c  model and so on down t h e  l i s t .  The f l u x  f o r  uo = - 0 . 1  
would be t e n  times larger than t h a t  f o r  1-, -1, if  t h e r e  were no 
m u l t i p l e  s c a t t e r i n g .  
when po = - 0 . 1  and so t h e  va lues  are somewhat l e s s  t h a n  t e n  times t h e  
v a l u e s  f o r  1-, -1. 
When T = 0 .01 ,  t h e r e  is some m u l t i p l e  s c a t t e r i n g  
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When T 1, t h e  f l u x  a t  t h e  lower boundary s t i l l  i n c r e a s e s  f ron  
one model t o  t h e  next  when they a re  ar ranged  i n  o r d e r  of i n c r e a s i n g  
forward s c a t t e r i n g .  The d i f f e r e n c e  between the i s o t r o p i c  dnd xdyle igh  
models on t h e  one hand and the  haze and cloud models on t h e  o t h e r  hand 
is g r e a t e r  f o r  p = - 0 . 1  t h a n  f o r  p = -1. 
0 0 
When po = -0 .1 ,  t h e  photon has  a g r e a t e r  p r o b a b i l i t y  f o r  t h e  
i s o t r o p i c  model t h a n  f o r  t h e  Rayleigh model of s c a t t e r i n g  through a n  
a n g l e  n e a r  90° t h a t  w i l l  send it on a v e r t i c a l  downward pa th .  
photon t h e n  has  a much h igher  p r o b a b i l i t y  of  r e a c h i n g  t h e  lower s u r f a c e  
when moving i n  a v e r t i c a l  d i r e c t i o n  t h a n  when i t s  d i r e c t i o n  c o s i n e  i s  
around -0.1,  s i n c e  t h e  o p t i c a l  t h i c k n e s s  t o  t h e  boundary i s  1 0  times 
l a r g e r  i n  t h e  l a t t e r  case. A somewhat d i f f e r e n t  explana t ion  a p p l i e s  
t o  t h e  haze and cloud models.  Here t h e  important  f a c t o r  i s  t h e  
numerous small a n g l e  c o l l i s i o n s  which a l l o w  t h e  photon t o  p e n e t r a t e  
much deeper  i n t o  t h e  medium than they  do wi th  t h e  i s o t r o p i c  and Rayleigh 
models. The photons t h u s  undergo t h e i r  first l a r g e  a n g l e  s c a t t e r i n g  
from a g r e a t e r  depth  i n  t h e  medium f o r  t h e  haze and cloud models and 
t h u s  more of them emerge from t h e  lower s u r f a c e .  
The 
The downward d i f f u s e  f l u x  r e a c h e s  a maximum when T has  approximately 
t h e  v a l u e  2 and po = -1. 
t h e  photons must undergo more and more c o l l i s i o n s  t o  r e a c h  t h e  lower 
boundary. The r e s u l t s  f o r  T = 1 0  show lower f l u x  v a l u e s  than  f o r  T = 1 
f o r  a l l  models except  one. 
model wi th  p o  = -1; i n  t h i s  ca se  t h e  f l u x  is  h igher  a t  T = 1 0  because of 
For l a r g e r  T v a l u e s  t h e  f l u x  d e c r e a s e s  as  
The one except ion  i s  t h e  n imbos t ra tus  
- 1 5  - 
t h e  extreme foi.ward s c a t t e r i n g  maximum c h a r a c t e r i s t i c  of t h i s  model. 
For bo%h a n g l e s  of inc idence  a t  T = 1 0 ,  t h e  f l u x  i s  h igher  f o r  t h e  
i s o t r o p i c  t h a n  for t h e  Rayleigh model. 
and c loud  models i n  t h e  same o r d e r  as t h e i r  forward s c a t t e r i n g  i n c r e a s e s .  
The e x p l a n a t i o n  f o r  t h e s e  f a c t s  i s  t h e  same as  g iven  p r e v i o u s l y  f o r  
The f l u x  i n c r e a s e s  for t h e  haze 
T = 1. 
Mean O p t i c a l  Path 
The mean o p t i c a l  p a t h  f o r  t h e  r e f l e c t e d  and t r a n s m i t t e d  photons 
is  g i v e n  i n  Table  I.  
o p t i c a l  p a t h  is  small for those models t h a t  have a r e l a t i v e l y  h igh  
p r o b a b i J i t y  for scat ter ing a t  a n g l e s  near  180° compared t o  a n g l e s  
near  90° (Rayleigh,  n imbos t ra tus ,  cumulus);  t h e  mean o p t i c a l  p a t h  i s  
r e l a t i v e l y  l a r g e  when t h e  s c a t t e r i n g  p r o b a b i l i t y  i s  more n e a r l y  e q u a l  
as t h e s e  two a n g l e s  (haze C ,  haze M ,  i s o t r o p i c ) .  For t h e  o t h e r  T 
and p v a l u e s  i n  Table I ,  m u l t i p l e  s c a t t e r i n g  i s  important .  The 
r e f l e c t e d  mean o p t i c a l  p a t h  i n  t h e s e  cases is  always smaller f o r  t h e  
i s o t r o p i c  and Rayleigh models t h a n  f o r  t h e  haze and cloud models s i n c e  
When T = 0 . 0 1  and po = -1, t h e  r e f l e c t e d  mean 
0 
it is more probable  f o r  a photon t o  change i t s  d i r e c t i o n  from downward 
t o  upward i n  a s p e c i f i e d  number of c o l l i s i o n s  wi th  t h e  former models. 
When po = -1, t h e  t r a n s m i t t e d  mean o p t i c a l  p a t h  decreases  from 
one model t o  t h e  next  when they are  ar ranged  i n  o r d e r  of  i n c r e a s i n g  
forward s c a t t e r i n g  ( t h e  o n l y  except ion  a t  T 0 . 0 1  between t h e  cumulus 
and n imbos t ra tus  models is e i t h e r  a s ta t i s t ica l  f l u c t u a t i o n  i n  t h e  r e s u l t s  
or i s  connected wi th  d e t a i l s  of  t h e  forward s c a t t e r i n g  f u n c t i o n ) .  The 
photon can obvious ly  t r a v e r s e  t h e  medium i n  a more n e a r l y  v e r t i c a l  
d i r e c t i o n  and t h u s  has a smal le r  mean o p t i c a l  p a t h  as t h e  small ang le  
forward s c a t t e r i n g  i n c r e a s e s .  
where t h e  mean o p t i c a l  pa ths  
n imbos t r a tus  models r e s p e c t i v e l y .  
Th i s  is p a r t i c u l a r l y  s t r i k i n g  a t  T = 1 0  
are 57 .3  and 1 8 . 1  f o r  t h e  i s o t r o p i c  and 
When p0 = -0 .1  t h e  above phenomenon i s  combined with t h e  p r o b a b i l i t y  
of t h e  photon making a l a r g e  a n g l e  c o l l i s i o n  t h a t  sends it i n  approximate ly  
a downward v e r t i c a l  d i r e c t i o n .  When T = 0 . 0 1  t h e  photon t r a v e l s  f a r t h e r  
a long  t h e  o r i g i n a l  d i r e c t i o n  f o r  t h e  haze and c loud  models as compared 
t o  t h e  i s o t r o p i c  and Rayleigh models be fo re  on t h e  average  undergoing a 
large a n g l e  s c a t t e r i n g  and thus  t h e  r e f l e c t e d  mean o p t i c a l  p a t h s  are 
larger f o r  t h e  former models. For T 1 0 ,  t h e  r e s u l t s  a r e  j u s t  t h e  
oppos i t e .  The most important f a c t o r  i n  t h i s  case is  t h a t  t h e  photon 
af ter  making a l a r g e  a n g l e  c o l l i s i o n  so t h a t  it i s  t r a v e l l i n g  a lmost  
v e r t i c a l l y  downward can then  move more e a s i l y  toward t h e  lower boundary 
when a ided  by numerous small a n g l e  c o l l i s i o n s .  
Cloud Albedo 
The cloud a lbedo  when A = 0 is a l s o  g iven  i n  Table I .  For a 
g iven  o p t i c a l  t h i c k n e s s  and ang le  of. i nc idence ,  t h e  cloud a lbedo  dec reases  
i n  va lue  from one model t o  the nex t  when t h e y  are ar ranged  i n  o r d e r  
of i n c r e a s i n g  forward s c a t t e r i n g .  The only  excep t ions  t o  t h i s  state- 
ment occur i n  t h e  comparison between t h e  i s o t r o p i c  and Rayleigh models 
due t o  e i t h e r  t h e  ve ry  small d i f f e r e n c e  between t h e  s c a t t e r i n g  f u n c t i o n  
f o r  t h e s e  models when averged over  t h e  a p p r o p r i a t e  a n g l e  or t o  
- I/ - 
f l u c t u a t i o n s  i n  t h e  Monte Carlo r e s u l t s .  The d i f f e r e n c e s  i n  t h e  cloud 
a lbedo  between t h e  o t h e r  models are very  s t r i k i n g .  
forward s c a t t e r i n g ,  t h e  photon p e n e t r a t e s  t o  a deeper  l a y e r  b e f o r e  
undergoing a c o l l i s i o n  which sends it i n  a n  upward d i r e c t i o n .  The 
r e s u l t  is  fewer photons escaping from t h e  upper s u r f a c e  o f  t h e  cloud 
and a lower cloud a lbedo .  
When t h e r e  i s  g r e a t e r  
Angular Half-width of Downward Diffuse R a d i a t i o n  
The s c a t t e r i n g  f u n c t i o n s  f o r  t h e  cumulus and n imbos t ra tus  models 
have v e r y  s t r o n g  maxima i n  t h e  forward d i r e c t i o n  (as  do t h e  haze C and 
haze M models t o  a lesser  e x t e n t ) .  The r e s u l t  i s  t h a t  t h e  d i f f u s e  
r a d i a t i o n  has  a s h a r p  maximum around t h e  i n c i d e n t  d i r e c t i o n  u n t i l  
q u i t e  l a r g e  o p t i c a l  d e p t h s  a r e  reached.  Although our graphs f o r  t h e  
t r a n s m i t t e d  i n t e n s i t y  averaged over  a !.I i n t e r v a l  o f  0 . 1  o f t e n  show a 
maximum i n  t h e  d i r e c t i o n  of t h e  i n c i d e n t  beam, t h e  remarkable sharpness  
of  t h i s  maximum is hidden by t h e  averaging process .  
I n  o r d e r  t o  i n v e s t i g a t e  t h e  a n g u l a r  spread  of t h e  d i f f u s e  r a d i a t i o n  
as a f u n c t i o n  of o p t i c a l  depth,  c a l c u l a t i o n s  were made f o r  t h e  nimbo- 
s t r a t u s  model with extremely f i n e  a n g u l a r  i n t e r v a l s .  The r e s u l t s  are  
shown i n  F igures  1 6  and 1 7 .  The downward d i f f u s e  r a d i a n c e  was c a l c u l a t e d  
f o r  T 10 ,  po = -1, and A = 0. 
a n g u l a r  i n t e r v a l s  w a s  recorded by e i g h t  d e t e c t o r s  l o c a t e d  a t  
T = 0.1,  0 . 3 ,  1, 2, 3 ,  5 ,  8 ,  and 1 0 .  I n  o r d e r  t o  show t h e  r e l a t i v e  
spread  i n  t h e  r a d i a n c e ,  a l l  t h e  v a l u e s  have been normalized t o  u n i t y  
a t  p = -1. There i s  somewhat more f l u c t u a t i o n  i n  t h e  va lues  very  
The downward r a d i a n c e  i n  t h e  v a r i o u s  
- 18 - 
c l o s e  t o  !.I = -1 t h a n  i n  t h e  remaining v a l u e s .  
( a n  a n g l e  of 0°35'  with  t h e  ve r t i ca l )  t h e  r a d i a n c e  has  f a l l e n  t o  less 
t h a n  h a l f  i t s  va lue  a t  u, = -1 f o r  a l l  d e t e c t o r s  with T < 3. The 
r a d i a n c e  a t  t h e  d e t e c t o r  a t  T = 0 . 1  is 0 . 1  or 0 . 0 0 1  of  i t s  va lue  
i n  t h e  i n c i d e n t  d i r e c t i o n  a t  a n  a n g l e  of  approximately lo o r  5O wi th  
t h e  v e r t i c a l  r e s p e c t i v e l y .  
T 1 0 ,  t h e  r a d i a n c e  is 0 .5  of i t s  v a l u e  i n  t h e  i n c i d e n t  d i r e c t i o n  
a t  a n  a n g l e  of  approximately 1O20'  with t h e  v e r t i c a l ,  t h e  var ia t i .on 
o f  t h e  r a d i a n c e  wi th  angle  i s  s t i l l  c o n t r o l l e d  by t h e  numerous small 
a n g l e  s c a t t e r i n g  e v e n t s  a t  T = 1 0 .  
When li0 = -0.99995 
- 
Even a t  t h e  lapge  o p t i c a l  t h i c k n e s s  
A t  a l l  o p t i c a l  depths  shown i n  F igures  1 6  and 1 7  t h e  r a d i a n c e  
has  a v e r y  s t r o n g  s h a r p  maximum around t h e  i n i t i a l  beam d i r e c t i o n .  
T h i s  i l l u s t r a t e s  once a g a i n  t h e  importance of inc luding  an a c c u r a t e  
t r e a t m e n t  of t h e  numerous s m a l l  a n g l e  s c a t t e r i n g  e v e n t s  i n  any t h e o r e t i c a l  
c a l c u l a t i o n s  of m u l t i p l e  s c a t t e r i n g .  
- 19 - 
Table I .  
Mean O p t i c a l  Pa th ,  Flux a t  Lower Boundary for A Z O ,  and Cloud Albedo for A = O  
Model 
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Captions f o r  F igu res  
Angular s c a t t e r i n g  f u n c t i o n  f o r  Mie s c a t t e r i n g  as a f u n c t i o n  
of t h e  cos ine  of s c a t t e r i n g  a n g l e  0 averaged over  t h e  s i z e  
d i s t r i b u t i o n s  given by Eqs .  (1-4) and f o r  i s o t r o p i c  and Rayleigh 
s c a t t e r i n g .  
p o l a r i z a t i o n .  The i n s e t  i n  t h e  upper l e f t  shows t h e  cu rves  
n e a r  P = 1 and i n  the  upper r i g h t  nea r  1-1 = -1. The wavelength 
of t h e  i n c i d e n t  l i g h t  is 0 . 7 ~  and t h e  index of r e f r a c t i o n  of 
t h e  water d r o p l e t s  is 1.33. 
Ref lec ted  r ad iance  as a f u n c t i o n  of  p, t h e  cos ine  of t h e  z e n i t h  
ang le  f o r  v a r i o u s  particle d i s t r i b u t i o n s .  The curves  on t h e  
l e f t  and r i g h t  p o r t i o n  o f  t h e  f i g u r e  are f o r  A ( s u r f a c e  a lbedo)  = 0 
and 1 r e s p e c t i v e l y .  The o p t i c a l  depth  of t h e  cloud T = 0.01.  
The s u n l i g h t  is i nc iden t  v e r t i c a l l y ,  po ( c o s i n e  of i n c i d e n t  
z e n i t h  a n g l e )  = -1 .0.  The s i n g l e  s c a t t e r i n g  a lbedo  i s  u n i t y .  
The i n c i d e n t  f l u x  is normalized t o  u n i t y .  The squares  i n d i c a t e  
t h e  r ad iance  f o r  s i n g l e  s c a t t e r i n g  on ly  c a l c u l a t e d  d i r e c t l y  
from t h e  s c a t t e r i n g  f u n c t i o n .  
Ref lec ted  r ad iance  f o r  T = 1 and po = -1 as a f u n c t i o n  of  p. 
See cap t ion  f o r  F ig .  2 .  
Re f l ec t ed  r a d i a n c e  for T = 1 0  and po = -1 as a f u n c t i o n  of p .  
See cap t ion  for Fig .  2 .  
Ref lec ted  r ad iance  f o r  T = 0.01,  po = -0.1,  and A = 0 as a 
f u n c t i o n  of  p. 
v a l u e s  averaged over t h e  az imutha l  ang le  for 90° on both  s i d e s  
of t h e  o r i g i n a l  beam. The v a l u e s  on t h e  r i g h t  p o r t i o n  of t h e  
The curves are averaged over  t h e  two d i r e c t i o n s  of 
The l e f t  hand p o r t i o n  of t h e  graph refers t o  
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Fig.  6 .  
Fig.  7 .  
Fig.  8.  
Fig.  9. 
F ig .  10.  
F ig .  11. 
Fig.  1 2 .  
Fig.  13 
Fig.  14.  
Fig.  15.  
graph are for values  averaged over  t h e  remaining az imutha l  
ang le s .  Thus one i n t e n s i t y  curve from l e f t  t o  r i g h t  shows 
t h e  v a r i a t i o n  from one hor izon  t o  t h e  z e n i t h  and back t o  t h e  
o t h e r  horizon averaged over  t h e  i n d i c a t e d  az imutha l  a n g l e s ,  
Re f l ec t ed  r ad iance  for T = 1, 
f u n c t i o n  o f  1-1. See c a p t i o n  f o r  F ig .  5. 
Re f l ec t ed  r a d i a n c e  for T = 1, po = -0 .1 ,  and A = 1 as a f u n c t i o n  
of p .  See c a p t i o n  f o r  F ig .  5. 
Re f l ec t ed  r a d i a n c e  fo r  T = 10, po = -0.1, and A = 0 as a f u n c t i o n  
of p .  See cap t ion  for Fig .  5. 
Transmit ted rad iance  f o r  T 0 . 0 1  and p o  = -1 as a f u n c t i o n  of  p. 
This  i s  t h e  d i f f u s e  r ad iance  without  t h e  o r i g i n a l  beam. 
c a p t i o n  f o r  F ig .  2.  
Transmit ted r ad iance  f o r  ‘I 1 and po = -1 as a f u n c t i o n  of 
p. See c a p t i o n  f o r  F i g .  2 .  
Transmit ted rad iance  for T = 10  and po = -1 as  a f u n c t i o n  o f p  . 
See c a p t i o n  f o r  F ig .  2 .  
Transmi t ted  rad iance  for  ‘I 0 .01 ,  po = -0.1,  and A = 0 as a 
func t ion  of  p. See c a p t i o n  f o r  F ig .  5 .  
Transmi t ted  rad iance  for T = 1, po = -0.1,  and A = 0 as a f u n c t i o n  
of  p. See c a p t i o n  for Fig .  5 .  
Transmi t ted  rad iance  f o r  T = 1, p o  = -0.1,  and A = 1 as a 
func t ion  of p .  See c a p t i o n  f o r  F ig .  5 .  
Transmi t ted  rad iance  f o r  T = 10,  po = -0.1,  and A = 0 as a 
func t ion  of p .  See c a p t i o n  f o r  F ig .  5 .  
po = -0.1, and A = 0 as a 
See 
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Fig .  1 6 .  Downward d i f f u s e  rad iance  for nimbos t ra tus  model f o r  T = 1 0 ,  
U0 = -1, and A = 0. The v a l u e s  of  t h e  r ad iance  a t  d e t e c t o r s  
a t  v a r i o u s  l e v e l s  i n  t h e  cloud are shown as a f u n c t i o n  of v. 
Only v a l u e s  very  c lose  t o  t h e  i n c i d e n t  d i r e c t i o n  are shown i n  
t h i s  f i g u r e .  
i n  t h e  v e r t i c a l  d i r e c t i o n  i n  o r d e r  t o  show t h e  r e l a t i v e  v a r i a t i o n  
a t  each d e t e c t o r .  See Fig.  1 7 .  
The rad iance  a t  each l e v e l  i s  normalized t o  u n i t y  
F i g .  17 .  Same as F ig .  16  except showing a d i f f e r e n t  range of p va lues .  
The first p i n t e r v a l  shown he re  is  t h e  next  i n t e r v a l  fo l lowing  
t h e  l as t  u i n t e r v a l  i n  F ig .  16.  The i n t e r v a l s  shown i n  F ig .  1 6  
cannot  be shown here  because of  t h e  scale. The r ad iance  a t  
each  l e v e l  is normalized t o  u n i t y  i n  t h e  v e r t i c a l  d i r e c t i o n .  
- 24 - 
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3 .  A B S T R A C T  
The l i g h t  r e f l e c t e d  and t r a n s m i t t e d  from c louds  wi th  v a r i o u s  drop s i z e  d i s t r i b u -  
t i o n s  i s  c a l c u l a t e d  by a Monte Car lo  technique.  S ix  d i f f e r e n t  models are used for t h e  
drop  s i z e  d i s t r i b u t i o n :  i s o t r o p i c ;  Rayleigh; haze c o n t i n e n t a l ;  haze mari t ime;  cumulus 
n imbos t r a tus .  The s c a t t e r i n g  f u n c t i o n  f o r  each model is  c a l c u l a t e d  from t h e  Mie theo ry  
In  g e n e r a l  t h e  r e f l e c t e d  and t r a n s m i t t e d  r ad iance  f o r  t h e  i s o t r o p i c  and Rayleigh model: 
t end  t o  be s i n i l a r  as are those  f o r  t h e  va r ious  haze and cloud models. The r e f l e c t e d  
r a d i a n c e  i s  less f o r  t h e  haze and c loud  models t han  f o r  t h e  i s o t r o p i c  and Rayleigh 
models, except  f o r  an ang le  of inc idence  near  t h e  horizon when it i s  l a r g e r  around t h e  
i n c i d e n t  beam d i r e c t i o n .  The t r ansmi t t ed  r a d i a n c e  is always much l a r g e r  f o r  t h e  haze 
and c loud  models near t h e  i n c i d e n t  d i r e c t i o n ;  a t  d i s t a n t  a n g l e s  it i s  less f o r  small 
and moderate o p t i c a l  t h i cknesses  and g r e a t e r  f o r  l a r g e  o p t i c a l  t h i c k n e s s e s  ( a l l  compars 
i s o n s  t o  i s o t r o p i c  and Rayleigh models) .  The downward f l u x ,  c loud a lbedo ,  and mean 
o p t i c a l  p a t h  are d i scussed .  
t h i c k n e s s  i s  shown for t h e  n imbos t ra tus  model. 
The angu la r  spread  o f  t h e  beam as a f u n c t i o n  of o p t i c a l  
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